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Abstract

This paper studies the characteristics of intergenerational transfers in a standard overlapp
erations model with short lived governments that care about the welfare of young generation
A number of authors have shown that simple intergenerational games, in which in each per
current young generation plays as a dictator, are able to deliver political equilibria with social secu-
rity even if the underlying competitive equilibrium is not dynamically inefficient. These authors hav
either derived pure steady state results or have relied on subgame-perfectness. This pape
these results deriving Markov subgame perfect equilibria (i.e. that depend only upon the periodt

state variable, which is the stock of capital).
Non-Markov subgame perfect equilibria assumeagents know all the past history of the gam

they cannot predict when the social security system will emerge and whether or not it will e
ally emerge; they prescribe that generations thatnever deviated may be punished. Markov equilib
placing more restrictions on the structure of the game, are able to deliver solutions that do n
fer from these drawbacks. As the paper shows, however, Markov strategies may produce u
dynamics.
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1. Introduction

Intergenerational redistribution is a very important issue in the political debate: o
one hand pension systems can be manipulated for political purposes; on the other,
clear how a transfer scheme should be designed to be optimal and thus more secu
political pressures, considering that it should be flexible enough to adjust to exog
(such as population or technological) shocks.

In this context, it is very important to understand the widespread role of inte
erational transfers and why pay-as-you-go(PAYGO) social security systems develop
and became stable institutions of modern societies. In particular, the existence of P
schemes seems puzzling, given that successive generations cannot subscribe any comm
ment to pay old age benefits to older generations. There are many explanations
literature of why PAYGO social security have been introduced and then expanded. So
relate to the incompleteness of private annuity markets and adverse selection, other
fact that PAYGO systems can help to overcome inefficient intergenerational credit ma
The classical solution to the puzzle is that, if the economy is on a dynamically ineffi
path (such that the interest rate falls below the economy’s growth rate), then the introdu
tion of a PAYGO social security scheme is Pareto improving since it reduces the c
deepening. However, even in this case, a PAYGO social security scheme is a dyna
inconsistent agreement between successive generations. Young generations would
ter off discontinuing the PAYGO scheme and setting up a new one. Hence the qu
arises of why PAYGO schemes survive.

Recently a growing literature has analyzed the role of PAYGO pension schem
the context of majority voting in overlapping generations models. Azariadis and Ga
(1997), Galasso (1998), Cooley and Soares (1998)show that equilibria exist in which so
cial security emerges through a majority voting mechanism. Boldrin and Rustichini (2
show that “a PAYGO public pension plan is a subgame perfect equilibrium of a m
ity voting game in an OLG model with production and capital accumulation when th
growth rate of total labor productivity and theinitial stock of capital satisfy a certain set
restrictions.”

These contributions show that a PAYGO system can be supported by a strategy
stipulates that a punishment, in the form of no old age transfer, must be inflicted to a
erations that in the past have modified its rules. That is, a generation which votes to d
from the prescribed level of social security payroll tax would be punished and woul
receive any old age benefit. A generation which decides not to inflict the punishment wo
not receive any old age benefit as well (in this case, it would contribute to the syste
would not receive any benefit back).

These equilibria have some limitations. In the first place, both steady states (C
and Soares, 1998) and dynamic (Boldrin and Rustichini, 2000) subgame perfect equilibr
(SPE) assume agents know the complete past history of the game and use this info
when deciding their actions. Secondly, they have not sharp implications: as Boldr
Rustichini (2000) show, although the social security system can be sustained in e
rium, the model cannot predict when it will emerge and whether or not it will eventu
emerge. Third, they prescribe that the PAYGO is never started again if one generat
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viated in the past; if having the PAYGO is beneficial to the generation that starts it a
the following ones, these would get punished by the strategy even if they never devi

In this paper I show that to support the social security system it is not necessary t
dition the transfer to the elderly to their past behavior. The system can be supporte
a simple negative relation between the level of saving of each generation and the amo
of old age transfers that the same generation receive: if a generation decides to reduce
contribution to the system below the equilibrium level, it will increase its saving and
reach old age with a higher level of the capital stock (in the form, for example, of hig
private pension accounts); if the same generation would receive a reduced old age trans
as a result of the higher level of capital stock owned, it could be better off not reducin
contribution to the system in the first place. This simple rule in fact implements a punis
ment type strategy as in Boldrin and Rustichini (2000) that says: “check the capital
if it is too high, that means the current elderly did not transfer the amount of resour
they should have, hence lower the transfer to them.” The paper shows that this rule
Markovian representation. Thus, the Markovian equilibrium requires simply to chec
level of the capital stock and to punish agents in proportion of the amount of their dev
from the equilibrium path.

The model I present shares many of the characteristics of the one of Boldrin and
tichini (2000): I assume as well that the median voter is a member of the young c
that young cohorts (or the governments representing the young) have to decide up
payroll tax that the young have to pay to the old as a fraction of their wage, that this p
tax can change with the capital stock and that saving and consumption are determ
individual maximization. The main difference is that I focus on Markov subgame pe
equilibrium (SPE). Focusing on Markov strategies I am able to restrict the set of p
tial equilibria, which in standard SPE are usually many. In fact, since the model en
game among generations, the strategy chosenby the current government depends on
course of action it expects for the future (retirement benefits for the current young w
fact depend on the payroll tax that future young will decide to pay). In this set up,
may be many policy trajectories that are self-fulfilling. Markov equilibria, assuming tha
strategies depend only on the value of the state variable (which is the capital stoc
strong constraints on the set of admissible forecasts. Since the economy is stationary,
reasonable to restrict the attention to policies that depend solely on the capital stoc
are thus independent of the period in which the government is in power), that is to po
of the typeτ (kt ). In fact there is no reason why a government in power at timet1, when the
capital stock isk1, should behave differently from a government that is in power at timt2,
when the capital stock isk2, if k1 = k2.1 Strategies that depend solely on the value of
prevailing state variable are usually referred to as Markov strategies.2

1 These requirements are suggested also by Krusell et al. (1997), who argue that in a stationary environme
the policy expected for periodt ought to depend only on the value of the state variable expected in that per

2 A close reference to this paper is also Grossman and Helpman (1998). They present an overlapping g
erations model in which “successive governments are unable to pre-commit the futurecourse of redistributive
taxation,” and solve for the stationary equilibrium transfer policy. This paper differs in two ways. First, Gro
and Helpman assume that representatives seek to maximize a weighted sum of lifetime utilities of both
and retirees. That is, they assign a positive weight to the old in the political process which I do not ass
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Markovian equilibria in principle do not suffer from the mentioned limitations of m
general subgame perfect ones. First, agents need to know only the current value
state variable, which in the model is the stock of capital, and not all the past history
game. Second, since the equilibrium strategy will set a relation between the payroll tax th
young workers decide to pay and the stock of capital which is owned by the elderly, for eac
level of the capital stock there will be an equilibrium tax. Finally, the equilibrium imp
that the level of the payroll tax changes continuously as the economy grows (or sh
if a generation deviates from the equilibrium path, this will affect the capital stock an
future course of payroll taxes, but it does not imply that the PAYGO will collapse fore

I will show that the Markovian equilibriumadds on agents’ reasons to support a PAY
system. As in Boldrin and Rustichini (2000), the PAYGO can arise either due to the
sical efficiency-enhancing role of PAYGO social security systems or to the fact that t
transfer of resources from the young to the old reduces the level of capital; in this
case, if the return per unit of capital has an elasticity greater than one, a reduction in s
ing increases the total return more than proportionally, thereby increasing lifetime in
of the young generation (the “saving monopolist” argument). In the Markovian solu
a generation may want to increase the transfers to the elderly also as this would secu
through a reduction in its level of saving, an increase in old age benefits supplied by
generations. This is a continuous version of the punishment type strategy as in B
and Rustichini (2000). It is different, since Boldrin and Rustichini (2000) assume a
either decide to pay the given payroll tax (set by the previous generation) or not t
at all. It is worth noting that the punishment strategy needed to support the PAYG
a political equilibrium actually leads to a higher steady state level of capital than i
model where payroll taxes are exogenously given. That is in equilibrium, since pe
benefits are a decreasing function of the capital stock, a higher level of saving than
competitive model is necessary in order to achieve consumption smoothing. Agai
these pluses the paper shows that Markov strategies, when simple logarithmic utili
Cobb–Douglas production functions are assumed, may produce unstable dynamics.

The paper is organized as follows. Section 2 describes the model and Section 3 th
librium concept. Section 4 present the solution assuming a logarithmic utility functio
Section 5, I consider a more general utility function (CRRA) and I use numerical sim
tion techniques to approximate the policy function and to analyze the dynamic propert
of the equilibrium. Section 6 concludes.

2. The model

I consider a standard two periods overlapping generations model. Agents work
sume, save and pay taxes in the first period. They are retired, consume, and receive
benefits in the second one. To start with I assume a logarithmic utility function, an

their model, the equilibrium is not stable if the weight onthe old is set to zero. Second, Grossman and Help
assume that the young do not consume and solve the model only for a linear production function, so
interest rate and the wage rate are exogenous and fixed.On the contrary, I set up a more general model wit
full-fledged characterization of the private sector and more general production and utility functions.
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the production function is Cobb–Douglas,Y = KαL1−α ; in per capita terms,y = kα with
k = K/L. It is assumed that capital depreciates completely in one period.

The economy is characterized by a PAYGO pension scheme that summarizes th
of the intergenerational redistribution. Governments are assumed to be short-lived
maximize lifetime utility of current workers (young). In any other respect the economy
competitive; in particular, individuals assume the payroll taxes as given when they d
upon their saving rate.

The representative young agent in periodt solves:

max
c1t ,c2t

u(c1t , c2t ) = lg[c1t ] + β lg[c2t ] (2.1)

subject to

c1t = wt(1− τt ) − St ,

c2t = St (1+ rt+1) + b̂t+1,

whereSt is savings and̂bt+1 = bt+1wt is the old age benefit expressed as a replacem
rate (bt+1) of the first period wage. Given the Cobb–Douglas production function
equilibrium conditions on the firm’s side imply that:wt = (1 − α)kα

t is the wage,rt+1 =
αkα−1

t+1 − 1 is the interest rate (since it is assumed complete depreciation in one pe
I assume also that the government cannot finance expenditures with debt, thus it
meet the PAYGO budget constraint

b̂t+1 = bt+1wt = τt+1wt+1(1+ n). (2.2)

The tax rateτt is the policy instrument of the generational government. That is, the
ernment at timet chooses the transfer to the current old,τtwt , in order to maximize the
lifetime utility of his constituency (the young). This choice is conditional on the expecte
next period transfer,τt+1wt+1.3

Agents choose their saving and consumption functions by individual maximizatio
ing τt andbt+1 as given, so that:4

3 The way I represent the intergenerational transfer, that is in term of the replacement ratebt+1, is only for
notational convenience, but is not restrictive. I could have represented the old age benefit as a function of the
of return of the PAYGO system, that is such that

b̂t+1 = τtwt (1+ it+1) (2.3)

whereit+1 represents the second period expected return on first period contributions. Obviously

(1+ it+1) = b̂t+1

τtwt
= τt+1wt+1(1+ n)

τtwt
(2.4)

and therefore

b̂t+1 = τt+1wt+1(1+ n)

τtwt
τtwt = τt+1wt+1(1+ n) (2.5)

which is exactly (2.2).
4 The fact that saving is determined by competitive behavior rules out the possibility that the members

generation collude in order to provide a smaller transfer without increasing their savings.
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c1t =
(

1

1+ β

)[
(1− τt ) + bt+1

(1+ rt+1)

]
wt, (2.6)

c2t =
(

β

1+ β

)[
(1− τt )(1+ rt+1) + bt+1

]
wt , (2.7)

St =
(

1

1+ β

)[
β(1− τt ) − bt+1

(1+ rt+1)

]
wt . (2.8)

The model is completed by the dynamic equation for the capital:

(1+ n)kt+1 = St . (2.9)

3. The equilibrium concept

As stated in the introduction, I consider an equilibrium in Markov strategies; that is
the policy function is of the typeτt = τt (kt). I assume this function to be continuous a
differentiable. Being the model stationary, it is reasonable to restrict our attention to
policies that depend solely on the capital stock, and also that do not depend on the
in which the government is in power, that is to policies of the typeτ (kt).

The policy chosen by the government at timet will depend on its expectation of th
transfer policy of the government at timet + 1. For example, assume that in equilibriu
τ (k) (and the old age benefitb̂) is a decreasing function ofk (that isτ ′(k) < 0). Everything
else equal, a higher expected old age transfer reduces the level of saving in the first
(see Eq. (2.8) forSt ) and therefore the capital that each generation is willing to pass t
following one. An equilibrium (at timet) entails a level ofτ = τ (kt+1) such that workers
at timet are willing to saveSt/(1+ n) = kt+1.

More generally, the problem can be stated in the following terms. As I show in the
section, agents’ consumption in the first period,c1t , can be expressed as a function ofkt ,
τ (kt ), τ (kt+1). Agents’ consumption in the second period,c2t , is going to depend on th
same variables plus the prevailing interest rate in the second period,rt+1. Since saving is
defined as disposable incomewt(1− τt) minus first period consumption,c1t , saving is also
a function ofkt , τ (kt ), τ (kt+1). Therefore, we can rewrite the problem as follows:

τ (kt ) = T
[
τ̃ (kt+1)

] ≡ argmax
0<τ(·)<1

u(c1t , c2t ) = argmax
0<τ(·)<1

Ψ
(
kt , τ (kt ), τ̃ (kt+1)

)
(3.1)

such thatkt+1 = Φ
(
kt , τ (kt )

)
(3.2)

whereΨ (·) is the indirect utility function written as a function solely ofkt , τ (kt ), and
τ̃ (kt+1). Φ(·) is the (possibly) explicit form ofthe capital accumulation equation(1+n) ×
kt+1 = St (kt , τ (kt ), τ̃ (kt+1)).5 τ̃ (kt+1) represents the timet government’s expectation o
the policy function oft + 1. I therefore look for a policy functionτ (k) that solves the

5 Note that it might not be possible in general to obtain an explicit form for the capital accumulation eq
as in (3.2). The condition to have an explicit expression and therefore for the functionΦ(·) to exist is given by
the Implicit Function Theorem, and it is ∂

∂kt+1

{
(1+ n)kt+1 − St (kt , τ (kt ), τ (kt+1))

} �= 0 for all relevant values

of the variables.
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4. Intergenerational transfers

As said, the choice of timet government will depend on its expectation of the trans
policy of the government at timet + 1. This expectation enters only in the old age replace
ment ratebt+1. Thus, let us rewritebt+1 in a more useful form. First, from the equilibriu
conditions of the firm and the assumed Cobb–Douglas production function we have

rt = αkα−1
t − 1 = α

yt

kt

− 1, (4.1)

wt = (1− α)kα
t = (1− α)yt =

(
1− α

α

)
(1+ rt )kt . (4.2)

Therefore, using (4.1), (4.2) and the capital accumulation expression (2.9), we have

bt+1 = b̂t+1

wt

= τ (kt+1)wt+1(1+ n)

wt

= τ (kt+1)
(1−α

α

)
(1+ rt+1)(1+ n)kt+1

wt

= τ (kt+1)

(
1− α

α

)
(1+ rt+1)

(
1

1+ β

)[
β
(
1− τ (kt )

) − bt+1

(1+ rt+1)

]
. (4.3)

Thus, solving forbt+1,

bt+1 = β
(
1− τ (kt )

)
(1+ rt+1)

{
τ (kt+1)(

1−α
α

)( 1
1+β

)

1+ τ (kt+1)(
1−α
α

)( 1
1+β

)

}
. (4.4)

In order to simplify the notation, I will define the functionf (·) as follows

f
(
τ (kt+1)

) ≡
{

τ (kt+1)(
1−α
α

)( 1
1+β

)

1+ τ (kt+1)(
1−α
α

)( 1
1+β

)

}
(4.5)

so that the replacement rate discounted by oneperiod can be expressed simply in terms
the transfer policiesτ (kt ) andτ (kt+1). In fact

bt+1

(1+ rt+1)
= β

(
1− τ (kt )

)
f

(
τ (kt+1)

)
. (4.6)

I am now able to rewrite both the consumption and saving functions as follows

c1t =
(

1

1+ β

)(
1− τ (kt)

)[
1+ βf

(
τ (kt+1)

)]
wt , (4.7)

c2t =
(

β

1+ β

)(
1− τ (kt)

)[
1+ βf

(
τ (kt+1)

)]
(1+ rt+1)wt , (4.8)

St =
(

β
)(

1− τ (kt)
)[

1− f
(
τ (kt+1)

)]
wt . (4.9)
1+ β



L. Forni / Review of Economic Dynamics 8 (2005) 178–194 185

since
ly as
en

There-
are

tock
n
vel of
m,
rs are

mic
r

n in
Rewriting the consumption and saving functions in this way is very convenient,
it allows to write down the objective function of the generational government simp
a function on the policy functionsτ (k). That is, the maximization problem can be rewritt
as follows:

max
0<τ(·)<1

u(c1t , c2t )

= lg

{(
1

1+ β

)(
1− τ (kt)

)[
1+ βf

(
τ (kt+1)

)]
wt

}

+ β lg

{(
β

1+ β

)(
1− τ (kt)

)[
1+ βf

(
τ (kt+1)

)]
(1+ rt+1)wt

}
, (4.10)

such that

(1+ n)kt+1 =
(

β

1+ β

)(
1− τ (kt )

)[
1− f

(
τ (kt+1)

)]
wt .

The first result can now be stated:

Proposition 1. There exist a continuum of differentiable interior stationary policy function
of the form

τ (k) =
(

α

1− α

)[
Ck−(1+βα)/(1+β) − 1

]
,

where C � 0 is a constant (of integration) that can assume arbitrary (non-negative) values.

Proof. See Appendix A. �
C is a constant of integration which can assume arbitrary non-negative values.

fore, the equilibrium policy function is in fact a family of functions. That is, there
multiple stationary policies indexed by the free parameterC. SinceC is non-negative, the
payroll tax will be non-increasing ink.

The intuition behind the fact that the policy function is not increasing in the capital s
is the following: were the expected transfer increasing ink, current young would have a
additional incentive to save in order to provide the next generation with a higher le
capital and therefore receive a higher old age transfer. But this cannot be an equilibriu
since the higher transfer in old age reduces the level of saving that young worke
willing to make.

In order for the equilibrium to be sustainable, the strategy has to induce a stable dyna
for the capital stock. Substituting the foundpolicy function into the dynamic equation fo
the capital, we find the following relationship:

βkt+1 + Ck1−ϑ
t+1︸ ︷︷ ︸

g(kt+1)

= (
β/(1+ n)

)[
kα
t − αCkα−ϑ

t

]︸ ︷︷ ︸
h(kt )

(4.11)

whereϑ = (1+ βα)/(1+ β). As (4.11) shows, the dynamic equation cannot be writte
an explicit form. I therefore defined a function ofkt+1, g(kt+1), and one ofkt , h(kt ). The
steady state capital stock will be that level ofk that solvesg(k) = h(k).
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The capital dynamic described by Eq. (4.11) is valid as long as the policy remains
terior solution of the problem, that is as long as 0< τ(k) < 1. Therefore, in equilibrium the
dynamic of the capital stock must be stableand such that the capital stock remains ins
a given interval: the constraint 0< τ(k) < 1 is satisfied as long ask ∈ [k = (αC)1/ϑ , k =
C1/ϑ ]. Consider the case in which the capital stock reaches a level belowk. The strategy o
Proposition 1 would implyτ > 1, which is not feasible; therefore the generation has to
constrained (eitherτ = 0 or τ = 1). In this case, the solution would imply settingτ = 0,
since the utility withτ = 1 is equal to minus infinity. By backward induction, this impli
that all generations will pickτ = 0. A similar argument runs whenk hits thek threshold.
Therefore, unless the capital stock moves inside the interval[k, k], the solution given by the
strategy of Proposition 1 is not an equilibrium and the PAYGO is not sustainable th
a Markov equilibrium.

It is easy to check from (4.11) that for a wide range of parameter values there
steady state. When a steady state exists, there are usually two of them: one for low
of k and unstable, the other one for higher values ofk and stable. Figure 1 shows o
stable steady state. The figure assumesn = 0.0, α = 0.25, β = 0.9 andC = 0.42. On the
horizontal axis the value ofk is reported. Where theg(k) − h(k) function crosses the zer
value, we have the stable steady state (the unstable one is not shown, but it would
the left of the stable one). In this case, the steady state capital stock is approximate.2,
the equilibrium payroll tax 4%, and[k, k] = [0.03,0.26]. Moreover, it is easy to show tha
the capital converges monotonically to the equilibrium (there are no cycles). The value
the steady state capital stock, 0.2, compares with the competitive equilibrium level eq
in this example to 0.252.

Fig. 1. Stable steady state (α = 0.25,β = 0.9, C = 0.42).
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The dynamic characteristics of the equilibrium are similar for combinations of the p
rameters close to the ones used in Fig. 1. In particular, if agents have a higherβ , they are
willing to save more and thus they accept a lower equilibrium transfer. An increasen

reduces per capita saving and thus steady state capital stock; this implies a higher
steady state transfer (note thatn has no direct effect on the equilibrium transfer functio
On the other hand, an increase inC increases the level of the equilibrium transfer a
hence reduces the steady state capital stock. An increase in the capital share,α, reduces
savings and capital accumulation (because the wage bill is lower), but it reduces also th
wage bill out of which the payroll tax is levied; the overall effect is to decrease the s
state level of capital and to increase the steady state payroll tax.

In this section, assuming a logarithmic utility function, I showed that there are
in which the Markov solution implies positive transfers to the old both in the steady
and along the path to the steady state. However, a stable steady state exists for a
set of parameters. For the combinations ofthe parameter values such that the model
no steady state, the capital stock will reduce (or grow) over time, while the transfe
increase (or decrease) until the tax hits the 100% ceiling (or the 0% floor). In these ca
there is no equilibrium with positive transfer and there is no sustainable PAYGO.

In the model, even if the economy is dynamically efficient, young people may
positive payroll tax for two reasons:

(i) one reason is the “saving monopolist” one, that is the fact that the transfer of reso
from the young to the old reduces the level of capital and—if the return per unit of
ital has an elasticity greater than one—a reduction in saving increases the total retu
more than proportionally, thereby increasing lifetime income of the young generatio

(ii) the second one is that a positive transfer to the elderly will reduce the level of c
and will induce in equilibrium an increase in future payroll taxes (this can be seen fro
the first order condition (3) reported in Appendix A). This second element is mis
in the existing literature.6

It should be stressed that these results areobtained under the assumptions of symme
equilibrium and of continuous and differentiable policy function. The assumption that t
equilibrium is symmetric is reasonable, given the stationarity of the problem faced by
generation; it is however a constraint. In general, non-stationary equilibria may exist a
may present more complicate dynamics. Similarly, the assumption that the policy fu
is continuous and differentiable imposes additional restrictions on the equilibrium strateg
since it implies for example that the payroll tax cannot jump.

5. A more general case

In this section I analyze the model under the assumption that agents have a more
utility function. In particular, I will assume an isoelastic utility function. With the isoe

6 For example, Boldrin and Rustichini (2000) assume agents either decide to pay a given payroll tax (set by
previous generation) or not to pay at all.
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tic utility, the saving function depends on the interest rate and the problem compl
substantially. In particular, I could not solve it analytically and I characterized the sol
through numerical simulation.

Through numerical simulation I am able to characterize the solution for different v
of the parameters and assess their effect on the equilibrium outcome. The results, h
must be taken with great caution. In particular, the simulations are run under the as
tion that an equilibrium does in fact exists. While this is a rather strong assumptio
simulations generally converge to a unique equilibrium. This suggests that the dynamic o
the model with logarithmic utility function may be specific to the log formulation an
the linearity that it introduces into the problem.

5.1. The approach

I continue to assume a Cobb–Douglas production function. The utility function I con-
sider now is a CRRA as follows:

U(c1t , c2t+1) =
(

1

1− σ

){
c
(1−σ)
1t + βc

(1−σ)
2t+1

}
(5.1)

whereσ > 0. Forσ = 1 the CRRA utility function is equal to the logarithmic one.
The simulation program uses polynomials to approximate two functions:

(1) the first one is the equilibrium Markov strategy as a function of the capital s
τ (k). The constraint that the equilibrium is symmetric is imposed by assumingτt (·) =
τt+1(·) = τ (·); the constraint that 0< τ(k) < 1 is imposed combining the polynomi
with a logistic function;7

(2) the second function to approximate is the explicit version of thecapital accumulation
conditionkt+1 = Ψ (kt ). Ψ (kt ) is the (possibly) explicitform of the capital accumu
lation equation(1 + n)kt+1 = St (kt , kt+1, τ (kt ), τ (kt+1)). The constraintkt+1 � 0 is
imposed through exponentiation.

The program uses Chebyshev Polynomials to approximate the two functionsτ (k)

andΨ (k), and obtainτ̂ (k) and Ψ̂ (k). Chebyshev Polynomials have—on top of the w
known asymptotic properties of polynomial approximations—the advantage of evalu
the functions at a given limited number (equal to the order of the polynomial) of p
such that the approximated functions converge to the true functions as more poi
used.

The Lagrangian of the maximization problem can then be written as follows:

L
(
kt , k̂t+1, τ̂ (kt ), τ̂

(
k̂t+1

)) =
(

1

1− σ

){
ĉ
(1−σ)
1t + βĉ

(1−σ)
2t+1

}
+ λ

[
(1+ n) · k̂t+1 − Ŝt

]
(5.2)

7 It is worth reminding that the operatorT defined in (3.1) is not a contraction; this implies that it is n
generally true that the equilibrium strategy will converge to a stationary function and I cannot use value func
types of approaches to approximate it.
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where

ĉ1t

(
kt , k̂t+1, τ̂ (kt ), τ̂

(
k̂t+1

)) = wt

(
1− τ̂ (kt )

) − Ŝt ,

ĉ2t

(
kt , k̂t+1, τ̂ (kt ), τ̂

(
k̂t+1

)) = Ŝt (1+ r̂t+1) + b̂t+1,

Ŝt

(
kt , k̂t+1, τ̂ (kt ), τ̂

(
k̂t+1

)) = {[β(1+ r̂t+1)]1/σwt (1− τ̂ (kt )) − b̂t+1}
(1+ r̂t+1) + [β(1+ r̂t+1)]1/σ

,

b̂t+1
(
k̂t+1, τ̂

(
k̂t+1

)) = τ̂ (k̂t+1)ŵt+1(1+ n),

wherek̂t+1 = Ψ̂ (kt ), r̂t+1 = r(k̂t+1) andŵt+1 = w(k̂t+1). To solve the model, I calculat
the two first order conditions dL/dτt = 0 and dL/dkt+1 = 0, evaluate them at the Cheb
shev interpolation nodes and compute the sum of squared residuals (given an initial gue
for the parameters of the polynomials). Finally, I use a non-linear estimation proce
usually used in maximum likelihood estimations, to minimize the sum of squared re
through the choice of the parameters of the polynomials.8 I use 10th order polynomial
to approximate both the policy function and the capital accumulation function. I obta
similar results when using higher order polynomials.

5.2. Results

In order to check the quality of the program I first simulated a competitive standar
period OLG model with and without social security. I used the technique outlined abo
to approximate the capital accumulation function and I obtained the smooth function th
we know. The steady state value of the capital stock is the correct one (in fact, it can b
computed analytically). Unfortunately, in order to check the correctness of the program
I cannot replicate the logarithmic utility function case for which I have the close fo
solution. This strategy is precluded by the fact that the close form solution is not u
(there is in fact a continuum of policy functions indexed by the value of the consta
integrationC).

In general, for realistic values of the parameters, that is for values ofα ∈ (0,1), β ∈
(0,1] and σ � 0.5, the program converges—for almost any initial guess—to the s
solution characterized by a unique and stable steady state. When it does not conve
unique steady state, the program generally does not find any steady state.

Figures 2 and 3 show the capital accumulation and the policy functions for two differen
values ofσ (σ = 1.5 in Fig. 2 andσ = 0.5 in Fig. 3), while the other parameters a
α = 0.25,β = 0.7, n = 0.0. The plots show thatthe capital accumulation is significantly
flattened out with respect to the competitive case. Moreover, while forσ < 1 the capital
accumulation function is almost flat, forσ > 1 it is slightly decreasing. In this second ca
the convergence to the equilibrium comes with cycles.

The effects of changing the parameters values are very similar to the logarithmic
case, regardless of the fact thatσ is greater or smaller than 1. In fact, as in the logarith

8 The program is written in Matlab, and the maximization tool used is the command leastsq. For 10t
polynomials, I consider the problem as approximatelysolved when the sum of squared residual is below 10−5.
The program is available from the author upon request.
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Fig. 2. Capital accumulation and policy function (σ = 1.5, α = 0.25,β = 0.7).

Fig. 3. Capital accumulation and policy function (σ = 0.5, α = 0.25,β = 0.7).
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utility case, an increase inα (the capital share) on one hand reduces savings and c
accumulation (because the wage bill is lower), on the other it reduces the wage bill out
which the payroll tax is levied: the overall effect is to increase the payroll tax and to re
the steady state level of capital. An increase inn reduces per capita saving and thus ste
state capital stock; this implies a higher level ofsteady state transfer. Finally, the effect
a change inβ is to increase the saving level and the equilibrium steady state capital s

In general, the equilibrium steady state level of capital will be below the one o
competitive OLG model (the standard Diamond–Samuelson). In fact, Fig. 2 (withσ = 1.5)
steady state capital level is equal to 0.085 (with a steady state payroll tax level equa
0.428), while the corresponding steady statelevel of the competitive OLG model (wit
payroll tax equal to zero) is approximately 0.25. Withσ = 0.5, the corresponding numbe
are 0.101 and 0.15 (with a steady state payroll tax level equal to 0.295).

Assuming the existence of a social security scheme in the competitive OLG mode
a payroll tax equal to 0.428 for σ = 1.5 and 0.295 for σ = 0.5, the steady state capit
stock ends up being lower than the one in the political game (0.04 for σ = 1.5 and 0.08
for σ = 0.5). This result, which looks somehow surprising, reflects the presence o
punishment (in the form of reduced old age pension benefits) related to the accumulatio
of capital. With respect to the competitive model, where the payroll tax is exogen
given, in the political game the effect on old age consumption of a change in the
of savings is partly balanced out by the induced change in old age benefits. There
equilibrium a higher level of saving is necessary to achieve consumption smoothing

6. Conclusions

This paper has considered a standard overlapping generations model where individua
live and consume for two periods. They work during the first period and are retired
second one. In this context I tried to understand why selfish young generations may
willing to pay a retirement income to their parents by means of a pay-as-you-go (PAY
social security system. In fact, unless the economy without the PAYGO scheme i
dynamically inefficient path, young workers should be better off discontinuing the PA
scheme and investing the payroll tax in productive capital. Even when the economy w
the PAYGO scheme is on a dynamically inefficient path, young workers should be
off discontinuing the PAYGO scheme and setting up a new one.

A number of authors have shown that simpleintergenerational games in which in ea
period the current young generation plays as a dictator are able to deliver political equilibria
with social security even if the underlying competitive equilibrium is dynamically efficien
This paper extends these results to equilibria that are Markov (i.e. they depend only up
the periodt state variable, which is the stock of capital). The intuition is similar to the
developed in previous contributions. The equilibrium strategy, which implies a reduct
payroll taxes as the capital stock increases, is simply the implementation of a punis
strategy in a Markovian context. It is worth noting that this strategy actually leads
higher steady state level of capital than in the model where taxes are exogenously g
equilibrium, since pension benefits are a decreasing function of the capital stock, a
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level of saving than in the competitive model is necessary in order to achieve consum
smoothing.
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Appendix A

Proof of Proposition 1

In order to proof the proposition, I lookfor an interior solution such that 0< τ(·) < 1.
The proof will be performed intwo steps. In thefirst step I will compute the first orde
condition using as a constraint the first derivative with respect toτ of the logarithm of
the capital accumulation equation (instead of using the constraint in levels). In this w
I am able to obtain a differential equation for the policy variableτ (k) which can be solved
explicitly. In thesecond step I will show that the specific solution found satisfies the fi
order necessary and second-order sufficient conditions of the problem and therefore it is
proper solution.

First step. Using the fact thatwt = (1−α
α

)(1+ rt )kt and the properties of the logarithm
function, the problem in (4.10) can be restated as follows:

max
0<τt<1

u(c1t , c2t )

= A + (1+ β)
{
lg(1− τt ) + lg

[
1+ βf (τt+1)

]} + β lg(1+ rt+1) (A.1)

such that

kt+1 =
(

1

1+ n

)(
β

1+ β

)
(1− τt )

[
1− f (τt+1)

]
wt,

where

A =
{

lg

(
1

1+ β

1− α

α

)
+ β lg

(
β

1+ β

1− α

α

)
+ (1+ β)

[
lg kt + lg(1+ rt )

]}
.

Differentiating Eq. (A.1) with respect toτt we get[
(1+ β)

βf ′
τt+1 dτt+1 + β

1 drt+1
]

dkt+1 = (1+ β)
1

, (A.2)

1+ βf (τt+1) dkt+1 1+ rt+1 dkt+1 dτt 1− τt
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ct, it is
-

and differentiating the logarithm of Eq. (A.2) with respect toτt and solving for dkt+1/dτt

we have

dkt+1

dτt
= − 1

(1− τt )
kt+1

/(
1+ kt+1

f ′
τt+1

1− f (τt+1)

dτt+1

dkt+1

)
. (A.3)

Substituting Eq. (A.3) into (A.2), and using the fact that

(1+ rt+1) = αkα−1
t+1 �⇒ β

1

1+ rt+1

drt+1

dkt+1
= −β(1− α)

kt+1
,

we can rewrite (A.2) to get

(1+ β)

[
βf ′

τt+1

1+ βf (τ(kt+1))
+ f ′

τt+1

1− f (τ(kt+1))

]
dτt+1

dkt+1
= −(1+ βα)

1

kt+1
. (A.4)

Integrating both sides of (A.4) we get

lg

[
1+ βf (τ(kt+1))

1− f (τ(kt+1))

]
= −

(
1+ βα

1+ β

)
lgkt+1 + C (A.5)

whereC is a non-negative constant of integration.
Recalling the definition off (τ(kt+1)) from Eq. (4.5), Eq. (A.5) can be rewritten in th

following way:[
1+

(
1− α

α

)
τ (kt+1)

]
= Ck

−(1+βα)/(1+β)

t+1 ; (A.6)

then, solving forτ (kt+1), we obtain the strategy reported in Proposition 1.

Second step. I now restate the problem in the Lagrangian form as follows:

L = A + (1+ β)
{
lg(1− τt ) + lg

[
1+ βf (τt+1)

]} + β lg(1+ rt+1) +
− λ

{
kt+1 −

(
1

1+ n

)(
β

1+ β

)
(1− τt )

[
1− f (τt+1)

]
wt

}
whereλ is the Lagrange multiplier. Assuming that

τ (k) =
(

α

1− α

)[
Ck−(1+βα)/(1+β) − 1

]
,

it is easy to show that the following system (representing the set of necessary cond
is always satisfied:

dL

dτt

= 0,
dL

dkt+1
= 0,

kt+1 =
(

1

1+ n

)(
β

1+ β

)(
1− τ (kt )

)[
1− f

(
τ (kt+1)

)]
wt .

The proposed solution satisfies also the second-order sufficient conditions. In fa
easy to show thatZτk = Zkτ ≡ d2L/(dτt dkt+1) = d2L/(dkt+1 dτt ) = 0, so that the bor
dered Hessian of the Lagrangian is equal to:

−gτ (gτZkk − gkZτk) + gk(gτ Zτk − gkZττ ) = −g2
τZkk − g2

kZττ
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whereZkk ≡ d2L/dk2
t+1, Zττ ≡ d2L/dτ2

t ; gτ andgk are the derivatives of the constra
with respect toτt andkt+1 respectively. It is easy to show that−g2

τZkk − g2
kZττ > 0 on

the relevant range[k, k]. Therefore the bordered Hessian is negative definite, that i
second-order sufficient condition for a maximum is satisfied.

References

Azariadis, C., Galasso, V., 1997. Fiscal constitutions and thedeterminants of intergenerational transfers. Working
paper 97-71. Universidad Carlos III de Madrid.

Boldrin, M., Rustichini, A., 2000. Political equilibria with social security. Review of Economic Dynamics 3
Cooley, T., Soares, J., 1998. A positive theory of social security based on reputation. Journal of Politica

omy 107.
Galasso, V., 1998. The US social security system: What does political sustainability imply? Review of Eco

Dynamics. In press.
Grossman, G., Helpman, E., 1998. Intergenerational redistribution with short lived governments. Economic Jo

nal 108.
Krusell, P., Quadrini, V., Rios-Rull, V., 1997. Politico-economic equilibrium and economic growth. Journal

Economic Dynamics and Control 21.


